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Abstract—The limited power gain of a parametric upper side-
band up-converter may be enhanced arbitrarily by allowing addi-
tional dissipation of energy at the lower sideband. However, the in-
put conductance of such a four-frequency device will be critically
dependent upon the amount of lower sideband energy dissipated.
In this paper, we shall consider a varactor diode-type four-frequency
up-converter employing a single resonant circuit common to both the
pump and the sidebands. The input conductance of this configura-
tion is analyzed in terms of the relative deviation of the pump fre-
quency from the resonance frequency of the common circuit. We
show that the input conductance also is seriously affected by the
presence of second harmonic capacitance variation such as may
occur at high-pump levels. Numerical results have been plotted for a
wide range of circuit parameters. Also presented in this paper are
the experimental results of measurements performed on such an
amplifier, showing good agreement with the theory.

INTRODUCTION

T 1S WELL KNOWN that diode parametric ampli-

fiers, in general, exhibit considerable complexity in

circuitry and evidence severe stability problems.
An exception to this is the upper sideband up-converter
which is unconditionally stable by virtue of its positive
input conductance. However, its conversion gain is
limited to the ratio of the upper sideband frequency to
the input frequency. It has frequently been pointed out
that the inclusion of the lower sideband makes it possi-
ble to achieve higher conversion gain while maintaining
a positive input conductance [1]-[5]. In general, the
value of the input conductance is determined by the
relative loading of the two sidebands and actually will
become negative if the ratio of the energy dissipated in
the lower sideband to that in the upper sideband ex-
ceeds the ratio of their frequencies. To achieve high-
conversion gain, it is necessary to operate close to this
limit.

The simplest way to achieve such high-gain operation
is to use a single resonant circuit tuned to the pump
frequency. This provides equal loading for both side-
bands and, as seen later, a conversion gain equal to the
square of the pump to signal frequency ratio. Ampli-
fiers of this kind have been reported by Adams and
Brett, et al., and were designed as phase-shift ampli-
fiers [6], and standing-wave amplifiers [7], etc. In such
amplifiers, the ratio of energy dissipated in the lower
sideband to that in the upper sideband equals the square
of the ratio of the two frequencies. Usually, this is close
to unity and, therefore, close to the critical ratio previ-
ously mentioned. Consequently, the stability of such an
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amplifier would seem to depend, rather critically, on
any change in pump power or frequency, through the
resulting variations in the input conductance.

On the other hand, this particular dependence may
be put to use in the simple circuit mentioned earlier,
i.e., one may vary the ratio of the energy dissipated in
the lower sideband to that in the upper sideband and,
hence, the input conductance by simply detuning the
pump or the resonant circuit. This flexibility should
make it possible to meet different bandwidth and gain
requirements in a simple way by selecting a mode of
operation somewhere between an upper sideband and a
lower sideband up-converter.

The above-mentioned considerations were thought
to be of sufficient importance to warrant a detailed
theoretical and experimental investigation into the be-
havior of the input conductance of a four-frequency
parametric device using a single resonant circuit com-
mon to both idlers and pump.

The relevant parameters considered in this paper are
the relative deviation of the pump frequency, the input
frequency, and the pump level. The first two quantities
are normalized with respect to the bandwidth of the
pump circuit; the input conductance is normalized with
respect to a quantity involving the first harmonic ca-
pacitance variation, thus implicitly showing the first-
order dependence on the pump level.

As will be seen, the effect of second harmonic capaci-
tance variation becomes very important for higher
pump levels. It introduces a coupling between the side-
bands, and thus considerably affects the input con-
ductance. This enters into the expression as a simple
“feedback” parameter. Another effect of this second
harmonic capacitance variation is to modify the effec-
tive average capacitance seen by the sidebands so as to
coincide with the large signal capacitance seen by the
pump. Moreover, the second harmonic capacitance
variation defines a region of instability (ferroresonant
or jump effect) in which the theoretical expressions do
not have practical meaning.

Experiments performed on a typical circuit are de-
scribed toward the end of the article and the results
compared with the theoretical values.

GENERAL RELATIONS FOR INPUT CONDUCTANCE
AND CONVERSION GAIN

Figure 1 shows the relevant parameters pertaining to
a generalized representation of a four-frequency para-
metric device. The frequencies involved are w, the sig-
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Fig. 1. Basic representation of four-frequency parametric device.

nal frequency; w,, the pump frequency; w. and w;, the
lower and upper sideband frequencies. The sideband
loading is represented by admittances ¥, and V3, while
V., denotes the input admittance. Note that V,, refers
to the input admittance reflected by the nonlinear ele-
ment only, and does not include any other external
admittances at the input circuit. The nonlinear react-
ance coupling the various frequencies is assumed to
satisfy the Manley-Rowe relations, but otherwise is not
specified at this point. Powers (W), voltages (V), and
currents (I) at the frequencies of interest are shown in
the figure. Powers are taken to be positive if flowing
into the nonlinear reactance.

As first stated by Manley and Rowe [8], the basic
energy relations for such a configuration as in Fig. 1 are
given by

W, W W,
— -+ =0 M
w3 w2 w1
w w W
AT T ) (2)
Wp w3 w2

The second relation involving the pump power is
equivalent to a conservation of energy statement. Inas-
much as the pump power is not censidered here, this
relation need not concern us.
The conversion gain is defined on the basis of power
delivered to the sideband loads as
Wy + Wy)

G. — 3
Wy )

With (1), this may be written as
we 14+ (W /W)

G, = —
w1 (wo/ws) — (Wo/Ws)

(4)

The input admittance V;, may be written as

Vi = Gin + Bia (3)
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Fig. 2. Conversion gain and input conductance for various modes
of operation of four-frequency parametric devices.

and
Wi=1/2| Vi|*Gin (6)
Using (6) and (3), we obtain
W+ W
G = — 2T VD) (1)
/2] V]2 G,

Using (4), this can be written as

f w1 w1 )

— Wy ——W,
w3 wa

Gin = - (8)

2

L 12| Vs

In Fig. 2, both conversion gain and input conductance
are plotted as a function of (Wa/Ws;). To accurately
plot the input conductance, one needs to know the ac-
tual relation between W,, W; and { Vl‘ 2 as well as the
manner in which (Ws/Ws) is varied. For the sake of
simplicity, it has been assumed in plotting the input
conductance that (Wz-{—Wg)/(%[ V12 is kept constant
while W,/ W3 is varied.

As seen from Fig. 2, the particular mode of operation
depends on the power ratio W,/W3; which in turn is
decided by the relative loading of the two sidebands.
An upper sideband up-converter (W,/W;=0) exhibits
maximum positive input conductance but its conversion
gain is limited to a maximum value of ws/w;. However,
the conversion gain can be increased by also providing
a loading for the lower sideband. This reduces the input
conductance by the amount of negative conductance
the lower sideband reflects at the input. As one increases
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this loading, a point is reached at which it equals the
upper sideband loading. As noted subsequently, this
point corresponds to Wy/Ws= (w:/ws)?. This operation
known as the double sideband up-conversion has a
theoretical conversion gain of 14 (w,/w1)?, (4), and still
has a positive input conductance although much
smaller than that of an upper sideband up-converter.
Furthermore, favoring of the lower sideband approaches
the critical point mentioned previously at which point
the input conductance becomes zero. This happens
when W,/ Ws=ws/ws. Theoretical conversion gain of
this type of operation is infinite owing to its infinite
input impedance and, hence, this mode of operation is
similar to that of a vacuum tube triode amplifier. Any
further increase in lower sideband loading will result in
a negative input conductance which reaches a maximum
value as Wy/Ws3;—o. This point of operation cor-
responds to a lower sideband up-converter.

The aforementioned modes of operation are summar-
ized in Table 1.

TABLE 1
Wa/ W3 Go (arbi tra.rl; units) Mode of operation
0 ws/w1 w1/ w3 Upper sideband up-
converter
(we/w3)? | 14(wp/wi)? | (14(w,/w1)?)1 Double sideband up-
converter
(wa/ws) 0 0 Double sideband up-
converter (triode
type)
0 — (wg/w1) —(w1/we) Lower sideband up-
converter

Devices UsiNG A NONLINEAR CAPACITOR

Although the general energy relations of Manley and
Rowe [8] give some insight into the basic modes of
operations of a parametric up-converter, more detailed
information can only be obtained with further knowl-
edge on the nature of the nonlinear element involved
and its associated circuitry. In this paper, we consider a
nonlinear capacitor such as a reverse-biased junction
diode as the element used for the parametric conversion.

A nonlinear capacitor, for small signal amplitudes,
under the application of sinusoidal pumping may be
represented by an equivalent time-varying capacitance.
As long as the diode does not draw any appreciable cur-
rent in either direction, this time-varying capacitance
may be written as

C@t)y = Co+ 2C1 Cos wpt + 2C5 Cos 2wt + - - - (9)

where 2C; and 2C; are the amplitudes of the capacitance
variations at the fundamental and second harmonic of
the pump frequency. These coefficients, for a given non-
linear Q— V characteristic and dc bias, depend on the
pump level used in a specific case. The ratios (Ci/Cy),
(Cy/Co) etc. have been graphed by Blackwell and
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Kotzebue [9] as a function of the normalized excitation
level.

Low-LEVEL PUMPING

When the level of excitation is low, we need consider
only the average capacitance C, and the fundamental
capacitance variation Cj in (9). Under these conditions,
the currents (Fig. 1) flowing at the lower and upper
sideband frequencies [10] are given by

Iy = jwsCiVM (10)
I3 = jwsCiVa 11
The energy dissipated in each of the sideband loads is
W, = —1/2| |2 Re. 1/ 7, (12)

and
Wi = —1/2| I;|? Re. 1/ ¥, (13)

where Y, and Y; now include the average incremental
capacitance Co. Substituting (10) and (11) into (12) and
(13), the ratio of energy dissipated in the lower sideband
to that in the upper sideband may be determined as

Re. 1/Y,

Wo/Ws = 2
2/ 3 (wz/ws) Re. 1/1/'3

(14)

After substitution in (8), expressions (12) and (13), the
general expression for the input conductance of a
double sideband up-converter (for low-pump levels) is

Gin(s) = w1C12(w3 Re. 1/ Y;; — Ws Re. 1/172) (15)
The double sideband up-converter with equal sideband
loading corresponds to the case where Re. 1/Y,=Re.
1/7¥s, and it is seen from (14) that (Wy/Ws) = (wy/ws)?
in this case, as was mentioned in the foregoing.

Hige-LEVEL PUuMPING

As indicated previously, when the pump level is low
enough so that C; may be neglected, the only coupling
that exists between the lower and upper sideband,
we and ws, is through the signal w; and the fundamental
capacitance variation C;. However, as the pump level
increases, the presence of C; introduces a direct coupling
between w, and w;. As shown by Rowe [10], the currents
flowing at w. and w; now are given by the following rela-
tions:

Iy = jwoCiV1* 4 jwoCoVs*
I3 = josCiVi1 -+ jwsCaVo*

(16)
a7
Referring to Fig. 1, the terminal relations that exist at

the lower and upper sideband ports are Vo= —1I,/Y,
and Vi=—1;/7s.

1 * Indicates complex conjugate.
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It is now convenient to define two modified sideband
admittances, such as

Ys’ =Y, —jwscz
YQ’ = Yz —jw2C2

(18)
(19)

Substituting the terminal relations in (16) and (17), and
solving for I; and I3, we find

jweC1 V1™ V'
I, = Jwal by T (20>
<1 w2w3C22> Vg*
YV, V3*
jwsC1V Vo'*
I, = JwsliVy e (21)

<1 w2w3C22> V 2*
YV *Y,

Substituting (20) and (21) into (12) and (13), we find
after some algebraic manipulation that

W, <w2>2 Re. 1/7Y

= — 22
W Re. 1/V (22)

ws

Comparison of (22) and (14) reveals that the energy
ratio Wy/W; is the same except that, for large pump
levels, ¥, and Y; are replaced by V¢ and Y3/, respec-
tively.

Now, as indicated earlier, ¥; and ¥; include the aver-
age incremental capacitance Co. From (18) and (19), we
know that ¥y and V3 include the capacitance CoC.
This, however, is just the diode large signal capacitance
Cis seen by the pump [11]. The physical significance of
this is that the sidebands and pump always see the same
average diode capacitance.

It remains for us to evaluate the input conductance
for high pump levels. This may be done by again using
(20), (21), (12), and (13), and substituting into (8). After
a somewhat tedious procedure, the result is found to be

1
JwsCo  FwuCle |?
vi* vy
~w1Ci¥(ws Re. 1/ V) — w; Re. 1/7)

Ginqy =

1 —

(23)

This expression for the input conductance for high-
pump levels differs from that for low-pump levels (15)
by the substitution of ¥y’ and V3 in place of Y5 and V5,
respectively, as discussed before and by a factor

1
{— JesCa
Ygl*

6= — (24)
]wg(Jg

Yy

This “feedback” factor 8 arises from the coupling be-
tween the sidebands through C; which establishes a feed-
back loop through the amplifier.

Equation (23) can be written as

Gin(z) = ﬁW1C12(w3 Re. 1/ Yg' - Wy Re. 1/ YQ,) (25)
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Fig. 3. Equivalent circuit of a varactor diode configuration.

ANALYSIS OF A FOUR-FREQUENCY UP-CONVERTER
UsinGg A SINGLE REsoNANT CIRCUIT FOR
Bora IDLERS AND PumP

The varactor diode configuration used in our experi-
ments may be represented by an equivalent circuit as
shown in Fig. 3 where L, is the inductance, G, is the
effective shunt conductance, and Cj, is large signal
capacitance of the diode. As pointed out earlier, such a
circuit, tuned to the pump frequency and also acting
as a termination for both sidebands, provides flexibility
in controlling the gain and bandwidth of diode up-con-
verters. Since we are particularly interested in the be-
havior of input conductance as a function of the devia-
tion of pump frequency from resonant {requency of the
circuit, it is convenient to define the following param-
eters:

Aw wA
§=2—""0Q,=2— (26)
Wp @,
and
! w1 @1 Iy}
§ =2 —(Q, =2 — @7
Wp »
where

w; is the signal frequency
w, Is the pump circuit resonant frequency
Q, is the quality factor of the pump circuit (meas-
ured at low-pump level)
Aw, is the deviation of pump from resonant frequency
Q, is the radian bandwidth of the pump circuit

Qp=wy/0p)

If Aw,/w,<&1, the admittances offered by this circuit to
the two sidebands can be written as

Yo = G,(1+ js + &)
Ve = Gy(1 +j5 — j¥)

(28)
(29)
Low-LEVEL PuMPING

In the case of low-pump levels, owing to the absence
of Cs, the sidebands see the average incremental capaci-
tance Cy which is just equal to Cj. It can be shown
from (15), using (28) and (29), that the input conduct-
ance for small pump levels is

1
6 (1 — — 1+52+a'2)
— 44,0101 ( 405 ( )
G, (1 + 82 — 6'2)? + 457

Gin) = (30)
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Fig. 4. Normalized input conductance for small level pumping F
(8, 8"), as a function of pump frequency deviation (8) for various
values of input frequency (8').

For the sake of simplicity, we assume 8 is restricted to a
range 4(Q06>>1, thereby excluding a small region around
8=0. Then, (30) can be simplified to read:

Ci

Gin(s) = 2pr‘ZS (C

> F(3, ) (31)

ls
and

— 55’2
— 5/2)2 + 45/2

F(5,8) = (32)

(1 + 6

The expression F(8, §") represents the normalized input
conductance as a function of deviation of pump and
signal frequency. The values of F(§, §’) are plotted as a
function of § for various values of the parameter § in
Fig. 4. In accordance with our expectations, the curves
are antisymmetrical since detuning of pump away from
center frequency on either side favors one sideband with
respect to the other by the same amount. Thus, the in-
put conductance for the same amount of detuning is of
same magnitude but of opposite sign.
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Fig. 5. Maximum input conductance and corresponding pump
frequency deviation as a function of input frequency.

The values of §, for which F(8, &) is maximum, are
found by differentiation of (32), as

1
mae= +—= [V =3I+ - (1-89)]2 (3
8 +~@[”“ FIE3(TFo8 — (1= (33)

and this relation is plotted in Fig. 5.
When wi<kw,, i.e., &K1,

1 34/3
bmax = * —= and F(3,8) = ——8 (34
V3 1
However, if §'>>1,
6
Bmax = i 6, and F(é, 6,) = 71:_ (35)

This behavior may be verified from the graphs of
Fig. 4. As seen from Fig. 5, the dm.x asymptotically ap-
proaches & for values of §’>>1. This is as to be expected,
since for large values of & and 8, the operation of the
device is effectively determined by one sideband only.

Hicu-LeEvEL PuMriNG

As stated beforehand, we can write the admittances
offered to the sidebands by the resonant circuit as
Yy = Gy(1 + js + j¥)

G,(1 + js — j&)

(36)

Yy = (37)

Yy and Y, however, now include the large signal
capacitance Cj, rather than Cy, as indicated previously.
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Substituting (36) and (37) into (24) for B, it may be
shown that

101
8
Fig. 6. Instability region at high-pump levels.
where
—55'2
F'(5,8") = (41)

(1 —jo — j8)(1 + & — j&')

8= : (38)
(1 + 8 — 8'7) — g<5—2—5) -—j5'<2+i>
20, 20,
where
20,Cs C,
= =20 =
q Gp Qp<cls>
Now, making the following assumptions:
g K 40, (38a)
and
8’2
— K4 (38b)
20,
Equation (38) can be reduced to
1482 — §/2)2 4 457
( ) (39)

Ay —ot gyt w0

Assumption (38a) restricts the value of Cy to much
less than 2C; which generally is true. Assumption
(38b) places another lower bound on the deviation
of the pump, i.e., 4Q,6>>28% This, however, does not
seriously affect the useful range in which (39) is valid.
I, as before, it is also assumed that 4Q,6>>1, then using
(39) in combination with (25) and (32), the input con-
ductance for high-pump levels can be written as

C1\?
Giny = 20,Cy (E— F'(,8)

Is

(40)

(148 — /2 + ¢8) + 45"

Equation (41) represents a normalized input conduct-
ance for high-pump levels.

As seen from (41), F’(5, &) becomes identical to
F(8,8") for ¢=0, i.e., low level pumping.

FERRORESONANT EFFECT

Examination of (41) shows an anomalous behavior
of the input conductance for zero signal frequency.
In general, the input conductance equals zero in this
case except for two well-defined singular values of §,
where the normalized input conductance becomes finite
and of value—6/4. The values of § at which this effect
occurs are given by the equation

(1+ 62+ )2 =0

2
V(G) -
2

Now, it is recognized that these values of 8 are the
same at which the ferroresonant effect sets in [12].
This effect, also called the “jump effect,” is caused by
regenerative action due to increase of large signal
capacitance with pump level. It also may be thought of
as degenerate parametric action by which the pump is
coupled to itself through the second harmonic capaci-
tance variation C; [12]. This is observed in practice by a
switching (jumping) of the current to a different level
of operation outside the range (43). Thus, a region of §
between the two points given by (43) is not accessible
to experimental investigation. This region of instability
is indicated in Fig. 6. It is seen by inspection of (43)
that the ferroresonant effect does not occur for values
of ¢<2.

(42)

or

-+

S
b=~ (43)
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NuMERICAL CALCULATIONS

To examine the behavior of normalized input con-
ductance for high pump levels when the pump is de-
tuned from the resonant frequency of the circuit, values
of F'(8, 8') (41) were computed using an IBM 1620
Computer. The numerical results are graphed in Figs.
7 to 11, pp. 102-104. For a given value of &', F/(§, §') is
plotted as a function of 8, with ¢ as the parameter. As
pointed out earlier, when ¢=0, F'(§, §') is antisymmet-
rical for all values of §’. In this case, the maxima of
F’(8, 8') occur at equal values of § on either side of the
resonant frequency and are equal and opposite in mag-
nitude. However, if ¢ is increased, the positive maximum
of F’(8, &) increases and occurs at a higher negative
value of deviation ratio 8. On the other hand, the nega-
tive maximum decreases and occurs at a smaller value of
positive deviation ratio. This trend continues until ¢
reaches a critical value at which two maxima occur in
the negative § region with the smaller maximum oc-
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curring nearer the origin (6§ =0). Further increase in ¢
results in increase in value of the large maximum,
whereas the value of smaller maximum is decreased.
Also, while the large maximum is displaced further
away from the origin, the other maximum moves closer
to it. However, for ¢ <2, there is only one maximum on
either side of the resonant frequency and, as seen, the
critical value of ¢ is always greater than two for all
values of &’.

It is noted by examination of the graphs (Figs. 7 to
11) that the critical value of ¢ at which multiple peaks
appear increases with 8. This critical value of ¢ is cal-
culated by means of a method outlined in Appendix
I, and is plotted in Fig. 12 as a function of &’.

In each case, the region of instability is indicated by
the dotted section of the curve (Figs. 7 to 11) and, as
stated previously, the theoretical values plotted in this
region have no practical significance since there cannot
be any measurements made here.
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EXPERIMENTAL RESULTS

Figure 13 shows a simplified schematic diagram of
the experimental arrangement. The pump circuit con-
sists of the balanced arrangement of Cy, Cy, Ly, and Lg.
Ry represents the loss resistance of the varactor diode.
Cq represents the diode capacity, and L4 includes the
lead inductance of the diode. Cy and L, are made ap-
proximately equal to Csq and L, This balanced arrange-
ment is convenient because the signal can be coupled
to the diode through a simple RF choke L., thereby
avoiding extraneous capacitive loading. The pump cir-
cuit uses a graded junction diode (MA450 C) and
resonates at 1895 Mc/s (for low pump levels). The
measured bandwidth is 140 Mc/s. The signal circuit
Lin, Cin, resonates at 42.5 Mc/s. The loading of this
signal circuit can be varied by adjusting the coupling
of the source of the output circuit, and by tapping at
appropriate points on coil L;,. To facilitate detection,
the input signal is modulated at 1000 ¢/s. The output

Fig. 10. Normalized input conductance as a function of pump devia-
tion for various values of input frequency ('), and second har-
monic capacitance variation (g).

circuit consists of an RF amplifier followed by a de-
tector and a 1000 c¢/s tuned amplifier. During the small
signal measurement, both the incident and the reflected
pump power are monitored, and the incident power is
kept constant.

For a given setting of the pump frequency, the output
signal is measured with the pump on and off. Depending
upon the measured values of gain or loss, as the case
may be, the ratio of reflected input conductance
Gin¢y to the passive circuit conductance G, may be
computed. Figure 14 shows the ratio Gine/Gs as a
function of pump frequency (triangles). Inspection of
these experimental points shows a lack of the expected
symmetry. This is explained as follows:

Sideband currents are generated in the diode in
proportion to the pump voltage across the diode capac-
ity. Sideband voltages across the same capacity then
are determined by the impedance of the antiresonant cir-
cuit which is formed with the other elements. Because



104

1.20

096

080

064

048

032

o
&

/

i/
D4
I/

F8,8)

-0i6
/:b
\\\ &
-032 TS
-048 /
-064

-096

-1

-120!

5 -4 -3 -2 -1

=3
~
w
ES
o

8

Fig. 11. Normalized input conductance as a function of pump de-
viation for various values of input frequency (§’), and second
harmonic capacitance variation (g).

this is a low-Q circuit, the impedance maximum of the
antiresonant circuit does not coincide with the im-
pedance minimum of the resonant circuit seen by the
pump drive; the latter resonant frequency is about 0.5
per cent higher, thus enhancing the observed effects on
the high-frequency side of the antiresonance by stronger
pumping.

In order to compare theory and experiment, we com-
puted the normalized input conductance for low-level
pumping (32) using the measured values of bandwidth
and input frequency. To correct for asymmetry men-
tioned before, the computed values were multiplied by
the normalized response of the pump circuit. Finally,
a constant multiplier was chosen to best fit the experi-
mental points. The result is indicated by the solid line
in Fig. 14 which shows good agreement with the meas-
ured values. From the value of the constant multiplier
and the measured value of the passive input conduct-
ance, we calculated the value of C1/C;, at the point of
resonance (31). The value of Ci/C;,=0.06 obtained in
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Fig. 12. Region of multiple peaks defined by second harmonic
capacitance variation (g) and input frequency (3’).

this was in good agreement with the one computed
from the measured pump amplitude and dc bias on the
diode [11].

The same measurements were repeated for high pump
levels. In this case, however, it was possible to keep the
voltage level across the diode constant by maintaining
a constant direct current of about one-half yA through
the diode. Figure 15 illustrates the measured ratio
Ginpy/Gs as a function of pump frequency. In order to
compute the theoretical curve, it is necessary to know
the exact value of ¢ corresponding to this pump level.
We can determine this value from observation of the
ferroresonant instability. For this purpose, we detuned
the pump until the instability occurred. From the
measured value of the deviation & at this point, we
calculated ¢, using (42). The value obtained corresponds
to Co/ Cio=0.2 which again shows good agreement with
the computed value for full pumping [9].

In the final calculation of the relative input conduct-
ance (40), we used this value Cy/C;,=0.2 together with
the corresponding value C1/Ci;,=0.36 [9], and the
measured loss conductance. The final results are plotted
as a solid line in Fig. 15, the dashed part representing
the unstable region. As indicated, there is very good
agreement with the measured values. For comparison,
we also plotted the same curve with C;=0 (dashed line)
in Fig. 15, showing clearly the effect of second har-
monic capacitance variation.
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Fig. 14. Measured (triangles) and calculated (solid line) relative
input conductance as a function of pump frequency for small
pump levels.

CONCLUSION

The simple circuit investigated here could well lend
itself to a variety of operating conditions between those
of an upper sideband up-converter and a lower side-
band up-converter. Indeed, the analysis shows a wide
range of possible values of input conductance depend-
ent on pump detuning. It also shows, however, the
serious effects that occur at high pump level due to
second harmonic capacitance variation. This, on one

FREQUENCY (Mc/s)

Fig. 15. Measured (triangles) and calculated (solid line) relative
input conductance as a function of pump frequency for high-
pump levels.

hand, causes the ferro resonant or jump effect which
restricts the operating range; on the other hand, it
causes a severe asymmetry in the curve which depicts
input conductance vs. pump detuning. This asym-
metry reduces the maximum available negative con-
ductance. In pointing out these features, and in deriv-
ing some simple analytical expressions checked by
experiments, it is hoped that this analysis may be of
use in the design of this class of four-frequency para-
metric devices.
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ArpENDIX [
The function considered here (41) is given by
— 582
(14624 82 4 go)2 + 487

In order to find the extrema of F/ (3, §') as a function of
8, we set dF’/dé=0, and find

G@,8) = — (14 6% — 82 + ¢6)?

F'(5,0) =

+ 45(-2— 4 a) (A48 —82dgp) —452=0 (44)

or
G(5,8) = 3%+ 48° + 82[g2 + 2(1 — 8'9)]

—(14+d)2=0 (45)

It is seen that the function G(8, §’) has the following
properties:

G@5,8) > 0

G@,8) <0

foréd — £ =
ford =0 and 6 = — ¢/2

(46)
(47)
Next, we consider the extrema of G(8, §’) itself. Again,

differentiating with respect to & and setting dG(8, &)
/d8 =0, we find

H(,8) = 65° + 6g82 + 6[g> + 2(1 — &) = 0 (48)
Hence, the roots of H(8, ') are found to be
81 =0

1 (49)
g = —gq/2 £ 73 V(g/2) — (1 =387

(50)

Now, if (¢/2)?<(1—§?), then H(§, ¢’) has only one real
root, i.e., 8§ =8;. Accordingly, G(§, §') has only one ex-
tremum at this point. From (46) and (47), it follows
that this is a negative minimum. Therefore, it follows
with (46) that G(8, &) has but two real roots corre-
sponding to F'(3, §) having only two peaks.

However, if (¢/2)2>(1-4§?), the function H(, &)
has three real roots, one of which equals zero, the other
two being negative. In order of increasing magnitude,
they are

$1=10
1

92 = —((1/2)4—??\/(9/2) — (1=
1

8 = ——(q/2)——\~/—§~\/(q/2) — (1=

The function G(8, &), therefore, has three extrema at
these points. From (46) and (47), it now may be de-
duced that 8, and 8; correspond to negative minima of
G (8, &) for all values of ¢ and &'. The maximum at 4.
may be either positive or negative depending on the
values of ¢ and &'. It is evident that these cases corre-
spond to G(8, &) having four and two real roots, re-
spectively. This in turn corresponds to F'(d, ¢') having
either four or two peaks. Thus, the condition for multi-
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ple peaks corresponds to

G5, 08y 2 0 (G
Making the following substitutions:
Y=06+4¢2) (52)
X2=(¢g/2)* = (1 = 37) (33)
G(8, &) can be written as
/ [AY
G(5,8) = <2—>
S22
2 /L33 V3 /3
- [£+ X2+1:|+~1~[X2—3Y2]2 (54)
3 12

Substituting the correct value of ¥ corresponding to
=2, i.e., VY=X/+/3, the condition for multiple peaks
(51) may be written as

q>2 q>2X3 X o xiilso s
(_2— +<2 3\/3_[3 + J“ 3)

Solving for the equality of (55)

q X3 X2 3
- = - =+ — + 1)
2 33 ( 3

Using (56) together with (53), the required value of

(g/2) to just cause multiple peaks for a given & has
been plotted in Fig. 12.

(56)
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